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Abstract 

The effect of the relativistic spin rotation, conditioned by the setting of the 
spin in the rest frame of a particle and by the noncommutativity of the Lorentz 
transformations along noncolinear directions, is discussed. In connection with this, 
the Thomas precession of the spin polarization vector at the motion of a particle 
along a curvilinear trajectory is considered. The transformations of the correlation 
tensor components for a system of two spin-1/2 particles at the transition from 
(-5 . the c.m.s. of the particle pair to the laboratory frame are investigated. When the 

particle laboratory velocities are not colinear, the relativistic spin rotation angles 
for these particles are different. As a result, the relative fractions of the singlet 
and triplet states in the relativistic system of two free spin-1/2 particles with a 
nonzero vector of relative momentum depend on the concrete frame in which this 
two-particle system is analyzed. 
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1 Introduction 



In modern relativistic theory of reactions, the S-matrix is parameterized on the basis 
Q_i! of the formalism of inhomogeneous Lorentz group [1-7]. This is similar to the nonrela- 

tivistic theory with the essential modification - the relativistic spin rotation. Since, in this 
formalism, the spin state of a particle is set in its rest frame, the concrete description of 
this state depends on the frame from which the Lorentz transformation to the rest frame 
is performed. This is the essence of the effect of relativistic spin rotation at the transition 
from one frame to another [5-7]. The relativistic spin rotation is a purely kinematical 
effect conditioned by the setting of the spin of a particle in its rest frame and by the 
additional rotation of the spatial axes at the successive Lorentz transformations along 
noncolinear directions, the latter leading to the nontransitivity of the parallelism in the 
theory of relativity (see [8] and references therein). 

For two free particles, the total spin results from the addition of the particle spins, 
defined in the respective rest frames, according to the usual angular momentum addition 
rules. The operator of the total angular momentum is represented by a sum of the 
operators of total spin and orbital angular momentum, both commuting with the free 
Hamiltonian. The price for this quasi nonrelativistic description is the lost relation of the 
orbital angular momentum operator with the usual field coordinate. Instead, this operator 
is related with the c.m.s. coordinate introduced by Pryce [9], Newton and Wigner [10] 
and, within the Dirac theory - by Foldy and Wouthuysen [11] (see also papers [4, 6, 7]). 

In the case of a nonzero vector of relative velocity, the angles of the relativistic rotation 
of the spins of the two particles are different - they depend on the frame from which the 
Lorentz transformations to the particle rest frames are performed. This leads to the 
frame dependence of the fractions of the states with different values of the total spin (in 
particular, the singlet and triplet fractions for a system of two spin-1/2 particles). Thus, 
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due to the frame dependence of the difference of the spin rotation angles, the square of 
the total spin of a system of two free particles with a nonzero vector of relative velocity 
is not a Lorentz invariant . 

In Sections 2 and 3 a brief review of the consequences of the relativistic spin rotation for 
one-particle spin states is given; the connection of the effect of the relativistic spin rotation 
with the kinematical spatial rotations at successive Lorentz transformations is analyzed. 
In Section 4, the relation between the relativistic spin rotation and the Thomas precession 
of the internal angular momentum at the motion of a particle along a curvilinear trajectory 
is discussed. The precession of the spin polarization vector of a relativistic particle in the 
magnetic and electric fields is considered in Section 5. In Sections 6 and 7 the effect of 
the relativistic spin rotation for the states of two free particles with a nonzero vector of 
relative momentum is considered in detail. The results are summarized in Section 8. 

2 Relativistic spatial rotation 

Let A be any four-vector set in a frame K: A — {A ,A}, A 2 = A\ — A 2 . The 
components of this four-vector in another frame K', having parallel respective spatial 
axes and moving with velocity v and Lorentz factor 7 = (1 — \ 2 /c 2 )^ 1 / 2 (c is the velocity 
of light) with respect to the frame K, are given by the Lorentz transformation: 

A' = A--^-(A + A' ), A' = 1 (a --A), (1) 

c 7 + 1 V c / 

A' 2 = A 2 . We will denote this transformation as A' = L(\)A} Let us further consider 
another frame K associated with a physical object moving with the velocity v and 
Lorentz factor 70, having parallel spatial axes with respect to the frame K. The same 
object moves with the velocity v ' and Lorentz factor 7q with respect to the frame K' - 
we denote K the associated frame having parallel spatial axes with respect to the frame 
K'. We will see that, generally, K ^ K : the parallel axes of the frames K' and K, K 
and K do not imply the parallel axes of the frames Kq and K' . The axes of all the three 
frames could be mutually parallel if only their velocities were colinear. 

Considering a particle of four- velocity u = p/m (p is the particle four-momentum and 
m is its mass) at rest in the frame Kq or K : u* = {c, 0, 0, 0}, we can transform it to the 
frame K'\ u' = L(—v' )u* = {7qC, 7oVq}, and then to the frame K: u = L(—\)L(—v' Q )u*. 
Comparing the result of the successive transformations with that of the direct one: u = 
L(—v )u* = {70C, 7ov }, we get the vector form of the law of the relativistic addition of 
the velocities Vn and v: 

+ (2) 

1 In accordance with the principle of relativity, the parallelism of the coordinate axes requires that 
the velocity vector of the frame K with respect to the frame K' is —v. One can check that the inverse 
transformation L _1 (v) = L{— v), i.e. A = L(—v)A'. The above definition of parallelism is not unique 
in the case when the direction of the frame velocity coincides with one of the coordinate axes. In such 
a case, the observers in the frames K and K 1 have to specify the plane containing their relative velocity 
vector and one of the remaining two axes. This can be easily done, e.g., with the help of a light signal. 
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The second equality follows from the transformation of the Lorentz factors (see the second 
equation in Eq. (1)): 



7o = 77o 1 + 



V Vr 



At the relativistic addition of velocities in the reverse order: u = L(—v' )L(—v)u*, we 



obtain 



v 



77o 
7o 



J_ / 7 + 7o 
V 7o °7(7o+l) 



+ v' 1 + 
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For colinear vectors v and v , the results of the addition of velocities in the direct and 
reverse order coincide. In the case of noncolinear velocities v and v , we have vo 7^ Vo 
(but always |v | = |v |,7o = 70) ■ Thus, the symmetry in the addition of velocities, in 
general, is absent. The successive Lorentz transformations along noncolinear directions 
are noncommutative; the pure Lorentz transformations do not form a group. 

Let us now compare the results of direct (K — > K ) and successive (K — > K' — > K ) 
Lorentz transformations of an arbitrary four-vector A. The direct Lorentz transformation 
of this four-vector from the frame K to the frame K Q gives 



A* = L(voM, 



(4) 



where v is the velocity of the frame K in the frame K, determined by the relativistic 
addition of the velocities Vq and v. The successive Lorentz transformations from the 
frame K to the frame K' and then from the frame K' to the frame K lead to the result 



A* = L(v )L(v) A. 



(5) 



It is easy to show (see below) that four-vectors A* and A* do not coincide when the 
velocities v and v are not colinear. Their time components are equal to each other, 
however the three-vector A* is turned with respect to the three-vector A* by some angle 
oj around the vector [v v] [12]. Thus, 



|A*| = I A* 



I 4*1 - - I 4*1 



A* = D z (u)A*, 



(6) 



where D z (u) is the matrix of an active rotation by the angle u around the axis z parallel 
to the vector [v(,v] (the rotation in Eq. (6) recovers the one introduced in Ref. [12] after 
the substitutions D z {u) — > D^iu) and z — > —z). This means that spatial axes of the 
frames Kq and Kq are generally not parallel - the transitivity of parallelism is violated in 
the theory of relativity [8]. 

To find out the rotation angle u, let us follow reference [12] and assume that the 
four-vector A is a four-velocity of the frame K, i.e. in this frame A = {c, 0, 0, 0}. At the 
direct transition from the frame K to the frame K , we have from Eq. (4): 

A* = - 72 v (7) 

while, at the successive Lorentz transformations K — > K 1 — > K , we get from Eq. (5): 

A* = -70 v - (8) 
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Recall that the velocities v and v represent the results of relativistic addition of the 
velocities v' and v in direct and reverse order given in Eqs. (2) and (3), respectively. 
According to Eq. (6), 

-v = -D z (w)v . (9) 

Consequently, the angle of the spatial rotation uj is equal to the angle between the veloc- 
ities v and v . Therefore, 

I [v v ] | v v 
smw = ^ — , cos uu = — 5—, 

where Vq = |v | = |v |. The positive sign of the angle uj (0 < uj < n) is fixed by the 
negative projection of the difference vector v — v on the direction of the vector v at 
nonrelativistic velocities. Using Eqs. (2) and (3), one can show [12] that 



, vv o ■ a 1 + 7 + 7o + 7o 

sinw = 77 ^5 -smtl- -— — -, (10) 

M0 c 2 (i + 7 )(i + y o )(i + 7o )' 



where 



/ vv' Q cos9\ 
7o = 7o = 77o I 1 + ~ 2 I 



v = I v I , v' = |vq|, 9 is the angle between the vectors v(, and v (0 < 9 < ir). Taking into 
account the equality 

(1 + 7 + 7o + 7o) 2 = 2 (1 + 7 )(1 + 7o)(l + 7o) - (7o " ±)Wo - 1) ^ 2 9, (11) 
one can express the cosine of the spatial rotation angle in the following forms: 

cos q, = Jl +7 + ^ ± T»' - - 1 = 1 - tzlMzV 0. (12) 
(l + T)(l + 75)(l+7o) l+7o V ' 

Clearly, in the case of colinear velocity vectors v and v(, (sin# = 0), the angle of the 
relativistic spatial rotation is equal to zero. 



3 Relativistic spin rotation 

The vector of the spin polarization in some frame is constructed by the Lorentz trans- 
formation of the four-tensor of the angular momentum M im , or the spin four- vector 
S m = (l/2)e m i ns M[ m u s , from this frame into the rest frame of a particle (e mn i s is the 
antisymmetric unit four-tensor of the fourth range, u is the particle four-velocity. Thus, 
the spin state of a particle depends on the concrete frame from which the transformation 
to the rest frame of this particle is performed. As a result, the relativistic spin rotation is 
a particular case of the kinematical spatial rotation considered above and, it is described 
by the same relations. It should be noted that this fact was not indicated in the book 
[12], in which the spatial rotation at successive Lorentz transformations was considered 
in detail. On the other hand, in papers [5-7] the effect of the relativistic spin rotation was 
discussed without the connection with the general kinematical effect of the relativistic 
spatial rotation. 
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Let us assume that K is the particle rest frame and consider the transformations of 
the spin four- vector S satisfying the condition Su = 0. In the frame K the spin four- 
vector is S, the particle velocity is v , and, in accordance with the Lorentz transformation 
from the frame K to the rest frame Kq, the spin polarization vector £ in the frame K 
(better to say - related to the frame K) is given by the relation 

S* = L(v )S = {0,C}- (13) 

Note that £ = (s) represents a mean value of the spin operator s in the particle rest 
frame. It is related to the normalized spin polarization: P = £/s (|P| < 1), where s is 
the particle spin. 

The spin four-vector S' in the frame K' is connected with the spin four-vector S in the 
frame K by the Lorentz transformation: S' = L(v)S, where v is the velocity of the frame 
K' with respect to the frame K. In accordance with Eq. (5), we find the spin polarization 
vector in the frame K' as a result of the transition from the frame K' to the rest frame 

5* = LK)L(v)5 = {0,C}, (14) 
where Vq is the particle velocity in the frame K' . According to Eq. (6), 

c = 4(w)c, (is) 

I CI — |C|) (z — (z and z || [vqv]. We see that the angle uj of the relativistic spin rotation 
around the axis z can be calculated directly with the help of Eqs. (10) and (12) for the 
kinematical spatial angle. The relation (10) was just given in the Stapp paper [5] on the 
relativistic theory of polarization phenomena. 

Let us consider the dependence of the angle of the relativistic spin rotation uj — uj{6) 
on the angle 9 between the velocities v' and v. Without loss of generality, both angles 
9 and uj can be considered in the interval (0, n). It follows from Eqs. (10) and (12) that 
u;(0) = lu(tt) = 0. The maximal value 



Wmax = w(6 m ) = arccos 

is achieved at 



2( 7 -l)(Yo-l) 
( 7 + l)(V + l) 



9 m = arccos 



( 7 _1)( 7 /_1) \ * 
N (7 + l)(7o+l) J " 2' 



Note that u max = f , < f and > | when (tq — 1)( 7 — 1) = 8, < 8 and > 8, respectively. 
At nonrelativistic velocities in the frame K' (v' /c C 1, 7J ~ l, 7 o ~ 7 ) the angle of the 
spin rotation is very small {uj <^ 1) : 

7 + 1 c 2 K ' 

It follows from Eqs. (10) and (12) that in the ultrarelativistic limit, when 7 q — > 00, 
7o/7o -^7[1 + {v/c)cos9] : 

v ■ n 1 +7[1 + (V/C)C0S9] 7-I . 2 

sinwsi-sm^- ^ -r— 1 -, ^r, coscj^I —— —sm.9. (17) 

c 1 + 7 1 + (v/c )cos9 ' 7 l + (u/c)cos0 V ; 
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At v/c^i 1,7 >> 1 one has 



- 2/2/7", #m ~ vr - 



In this case the sharp dependence on the angle 9 in the vicinity of 9 = it with the width 
~ 1/^/7 takes place [7]. Outside this vicinity the angle ui is equal approximately to the 
angle 9. 

The relations (17) are valid exactly for massless particles (photons, neutrinos). In this 
situation the spin rotation angle coincides with the aberration angle (the angle between 
the vectors Vq and v ); then the spin projection of the particle onto the direction of its 
momentum (the helicity, the degree of the circular polarization of light) is the relativistic 
invariant [7]. 

Indeed, the angle between the particle velocity in the frame K' and the particle velocity 
in the frame K is determined, in general, by the relations: 

IK> v o]l v ■ a 7 7o + 7o 
sin a = — 7 — - = - sin 9 



v'oVo c " 7 + y 7o 2 -l' 



v o v o 7o7 

cos a - 



v 'o , v a v 'o 7-1 . 2 a 
H — cos 9 sin 9 



v' v _ 1 [ c c c 7 



(18) 



One can show that always the angle of the relativistic spin rotation 00 at the transformation 
K' — > K is less than the angle of the momentum rotation a around the same axis parallel 
to the vector [vqv]. Thus, 00 < a. However, in the limit 

v' /c w 1, 70 > 1, 7o = 77o[! + iv/c) cos9] > 1 
the relations (18) pass into the expressions (17) for massless particles, so then oj = a. 



4 Thomas precession and the effect of the relativistic 
spin rotation 

The Thomas precession of the spin polarization vector is the important effect of the 
relativistic kinematics; it takes place even in the absence of the direct dynamical action 
on the particle spin [13]. As a typical example of the Thomas precession, one can consider 
the precession of the spin of a charged particle with zero magnetic moment at its quasi- 
classical motion in the external magnetic field [14]. 

Due to the orthogonality condition S(t)u(t) = for the spin four-vector S(t) and 
particle four-velocity u(t) at each instant time t, the following equality holds: 

dS(t)u(t)+S(t)du(t) = 0. (19) 

In the absence of a direct dynamical action on the spin, the increment dS(t) can be only 
a linear combination of the four- vectors S(t) and u(t). Since, in the considered case, the 
former contribution is forbidden due to the conservation of S(t) 2 (S(t)dS(t) = 0), the 
increment dS(t) is proportional to u(t), with the coefficient fixed by the general relation 
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(19). The spin four- vectors at the instant times t and t + dt are then connected by the 
relation: 

dS(t) = S(t + dt) - S(t) = -u(t) (S(t)du(t)) . (20) 

The spin polarization vector is determined in the rest frame of a particle at each instant 
time; in so doing the time t is given in the laboratory frame K. The Lorentz transforma- 
tions from the laboratory frame K to the instantaneous rest frames K (t) and K (t + dt) 
lead to the equalities 

S*(t) = {0,at)}K Q (t) = L(v(t))S(t) K ; 

S*(t + dt) = {0, C(t + dt)} Ko(t+dt) = L (v(t) + dv(t)) S(t + dt) K . (21) 

Now we will consider the connection between the spin polarization vectors and £(t + 
dt). Let us note that, according to Eq. (2) for the relativistic addition of velocities, the 
velocity of the frame K (ti) with respect to the frame K (t), resulting from the addition of 
the laboratory velocity v(ti) of the frame K (ti) and the velocity — v(t) of the laboratory 
frame K with respect to the frame K (t), is equal to 



Av' 



( 22) 



.7(*i) V c 2 7(0 + !/J V ^ 

At the infinitesimal time increment one has 

ti=t + dt, v(ti) = v(f) + dv. 

Then it follows from Eq. (22) that 

According to the second formula (21), the spin polarization vector of a particle at the 
instant time t + dt is a result of the direct Lorentz transformation of the spin four-vector 
at the instant time t + dt from the laboratory frame K to the rest frame of a particle 
K (t + dt). On the other hand, taking into account Eq. (20), one can write 

L(y(t))S(t + dt) K = {-S(t) du, C(t) W)- 

Applying the infinitesimal Lorentz transformation L(dv') to both sides of this equation, 
it is easy to see that, in the first order in dt, one arrives at the following equality: 

L(dv') L(v)S(t + dt) K = {0,C(t)} Ro{t+dty 

Thus, the spin polarization vector at the instant time t can be presented as a result of the 
successive Lorentz transformations firstly from the_ laboratory frame to the frame K (t) 
and then, from the frame K (t) to the rest frame K (t + dt). In accordance with Eqs. (6) 
and (15), we obtain 

L(v(t) + dv) = D z (du;)L(dv')L(v(t)); 

C(t + dt) = D z (duj)t(t). (24) 

In Eq. (24) D z (du) is the matrix of the infinitesimal spatial rotation by the angle du 
around the instantaneous axis z parallel to the vector [dv' v] . 
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We deduce from Eq. (24) that the spin polarization vector rotation for the infinitesimal 
time interval due the Thomas precession coincides with the relativistic spin rotation at 
the transition from the frame K (t), in which the particle velocity is civ', to the laboratory 
frame K, in which the particle velocity is v(t) + dv. 

To find the angular velocity of the Thomas precession one should perform the following 
substitutions in Eq. (10) for the angle of relativistic spatial rotation: 

v' -> dv', 7q -> 1, v -> v(t), 7 -> 7(*)> v o -»• v(t) + civ, 7o -> 7(t). 

Taking into account Eq. (23) for civ', we obtain the following expression for the infinites- 
imal angle of the rotation of the spin polarization vector at the particle motion along the 
curvilinear trajectory (in the vector form): 

' At) - 2 [dvv(t)}. (25) 



du> 



7(t) + 1 c 2 

Hence the spin polarization vector satisfies the precession equation: 

dC(t) 



dt 



= [n Th (t) c(t)] 



with the angular velocity vector of the Thomas precession [13] 

du(t) i 2 it) 



n Th (t) = 



dt 



7(f) + 1 c 



l[v(t)^)l 



dt 



It can be presented also as [14] 



n Th (0 = -(7(*)-iW), 



(26) 



(27) 



(28) 



where 



Q (t) 



l(t) 



dl{t) 
dt 



is the instantaneous angular velocity of the rotation of the particle momentum, \(t) is 
the unit vector along the momentum direction. According to Eq. (28), the direction of 
the angular velocity of the Thomas precession is opposite to the direction of the angular 
velocity of the momentum rotation. It is clear that in the case of rectilinear motion the 
Thomas precession of spin is absent. 

At nonrelativistic velocities, Eq. (27) reduces to the formula 



n Th (t) = - 



2c 2 



v(t) 



dv(t) 
dt 



(29) 



which describes, in particular, the Thomas precession of the gyroscope axis. 



5 Spin precession in the electromagnetic field 

Let us consider the precession of the spin polarization vector of a relativistic particle 
of charge q, mass m and spin s, moving along a quasiclassical trajectory in the external 
electromagnetic field. Its magnetic moment 

" = ^9s, (30) 
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where h is the reduced Planck constant and g is the gyromagnetic ratio determining the 
anomalous part of the magnetic moment // = fi(g — 2)/g. In particular, in the case of an 
electron or a negative muon: q = — |e|, s = 1/2, g ss 2 + e 2 /(irkc). 

The angular velocity of the spin precession in the electromagnetic field, which is con- 
tained in the equation 

dC(t) 



dt 



can be represented as a sum of two terms: 

n(t) = n Th (t) + n dyn (t). 



(31) 



Here 0, Th (t) is the angular velocity of the Thomas precession, which is described by 
Eq. (28), and fld yn (t) is the angular velocity of the dynamical precession conditioned 
by the presence of the nonzero magnetic field H*(t) in the rest frame of a particle. In 
accordance with the known result of nonrelativistic quantum mechanics, 



f2 dyn (t) 



7(0 2mc 



H*(t); 



(32) 



the inverse Lorentz factor in the expression (32) appears due to the time contraction in 
the rest frame in comparison with the laboratory frame (dt = ^(^dt*). According to the 
Lorentz transformations of the laboratory magnetic and electric fields H(£) and E(i) at 
the point of the particle location, we have 



H*(f)= 7 (*) H(f)- 



7(0 ~ 1 
7(0 



l(f)(H(f)l(t)) + 



E(t) 



v(t) 



(33) 



where l(t) = v(t)/v(t). The equation of particle motion 

^ = g( E (t) + i[v(t)H(t)] 



(34) 



determines the instantaneous angular velocity of the rotation of the particle momentum: 



fio(f) = 



mcry(t) 



H(0-l(0(H(t)l(*)) + 



7 2 (t) 
-f(t) - 1 



E(0 



v(0 



(35) 



As a result, using Eqs. (28), (31)-(33) and (35), we arrive at the formula of Bargmann, 
Michel and Telegdi for the total angular velocity of the spin precession of the relativistic 
particle at the presence of the external electromagnetic field [15, 16]: 



ft(t) 



2mc 



g-2 + 



2mc 



7(*). 
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n(t)-^-^(g-2)l(t)(l(t)H(t))\- 



7(0 + 1, 



7(0 



E(t) 



v(0" 



(36) 
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5.1 Magnetic field 



In the case of a constant transverse homogeneous magnetic field, when E = 0, HI = 0, 
it follows from Eqs. (35) and (36) that 



Q = Q = —±- y -— + - . (37) 




Then the angular velocity of the spin precession f2 and the angular velocity of the mo- 
mentum rotation Qq at the circular motion in the magnetic field are connected by the 
proportionality relation 

n = ( 9 —^ 1 + i) n„. (38) 



2 

In so doing the angular velocity of the spin rotation with respect to the momentum 
rotation is determined by the anomalous magnetic moment: 

Att = 7 ^ft . (39) 

The formula (39) forms the theoretical basis for the measurement of the muon anomalous 
magnetic moment [17]. Indeed, at the Dirac value g — 2 the projection of the spin 
polarization vector onto the momentum direction would not change in time. Let the initial 
spin polarization vector of a muon C(*o) be directed along the momentum p(to). After 
n total turns of the muon in the magnetic field, the angle between the spin polarization 
vector £(to + nT) and the momentum p(to + nT) = p(to), where T = 27r/|f2o| is the 
period of the circular motion, becomes equal to 

A6 = nirj(g -2). (40) 



5.2 Electric field 

In the absence of the magnetic field (H = 0) it follows from Eqs. (35) and (36) that 



fio(f) = 



g 7(g 
mc7 2 (t) — 1 



E(t) 



v(t) 



n(t) = 



Q 



2mc 
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In so doing, 



ft(t) 



I + in) 



lit) 



27ft) ^ 
7(0 + 1, 



n (t). 



E(t) 



v(t) 



■ (41) 



(42) 



In case of a plane trajectory of a charged particle in the electric field, the vectors fl(t) 
and Qo(t) have a constant direction along the normal n to the plane of the motion. Then 
the angle of the precession of the spin polarization vector is described by the formula 



9(t) 



2 [9 ] 7 (f) + 7 (tf) 



de {f) 
dt> 



dt' 



(43) 



where 9o(t) is the angle between the initial momentum of the particle and its momentum 
at the instant time t. In case of a negligible change of the particle kinetic energy at the 
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motion, the connection between the angle of the spin precession and the angle of the 
momentum rotation takes a simple form: 



1, ,7-1 7-1 

- (g-2 i + 1 

2 7 7 



0o- (44) 



In the nonrelativistic case 

0=5(2-1)^0. (45) 

The relation (43) may be applied to the plane channeling of positively charged particles 
(protons, positrons) in bent crystals [14]. The distortion of the trajectory of a charged 
particle at its motion along the bent channel is conditioned by the average electric field in 
the plane of the channel which is perpendicular to the particle momentum. In so doing, 
the angle of the particle deviation #0 in Eq. (43) coincides with the angle of the bend of 
the crystal and, the axis of the spin rotation is perpendicular to the plane of the bend of 
the crystal. 

5.3 Thomas precession and the spin-orbit interaction 

The central electric field has the structure 

E = -i^r, (46) 
r ar 

where r = |r|, V(r) is the central potential. According to Eqs. (32) (33) and (45) the an- 
gular velocity of the dynamical spin precession in the central electric field can be presented 
in the form 

" dyn " 2^ r ^~ L ' (47) 

where L = [rp] is the orbital angular momentum. On the other hand, it follows from 
Eqs. (28), (35) and (45) that the angular velocity of the Thomas precession is given by 
the expression 

m z c z 7 + 1 r ar 

As a result, we have: 

2 7 

^Th = — T^dyn- 

2 7 + 1 

For the electron, the gyromagnetic ratio g ~ 2 and, in the nonrelativistic approximation 
(7 ~ 1), the following relation holds: 

ft Th = ~ n dyn . (49) 

From the point of view of quantum mechanics, the equality of the spin precession with 
the angular velocity f2 is obtained through the commutation of the spin operator s with 
the interaction Hamiltonian 

H int = ^§17 = hsti dyn + /isf2 T h- 
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Taking into account Eq. (49), we arrive at the following expression for the spin-orbit 
interaction of electrons in atoms [16]: 

~ 1 6 1 \e\h 1 dV(r) . 

Here <r = 2s is the Pauli vector operator, L is the operator of the orbital angular momen- 
tum. Eq. (50) contains the additional factor 1/2 due to the contribution of the Thomas 
precession which reduces twice the effect of the direct interaction of the magnetic moment 
of moving electron with the electric field in the atom. 

The spin-orbit interaction in atoms leads to the fine splitting of atom levels. 

6 Effect of the relativistic spin rotation on spin cor- 
relations in a two-particle system 

The spin correlations in two-particle quantum systems were analyzed in detail as a tool 
allowing one to measure the space-time characteristics of particle production [18,20-23], 
to study the two-particle interaction and the production dynamics (see [19,20-22] and 
references therein) and to verify the consequences of the quantum-mechanical coherence 
with the help of Bell-type inequalities [21, 22]. 

The spin state of the system of two particles in an arbitrary frame is described by 

(1 2,) 

the two-particle density matrix, the elements of which, P m ' 1 rn 1 '-m 2 m2^ are gi ven m the 
representation of the spin projections of the first and second particle in the corresponding 
rest frames onto the common coordinate axis z (see, e.g., [20, 23]). However, one should 
take into account the relativistic spin rotation conditioned by the additional rotation of 
the spatial axes at the successive Lorentz transformations along noncolinear directions 
[5-7]. As a result, the concrete description of a particle spin state depends on the frame 
from which the transition to the particle rest frame is performed. Particularly, the total 
spin composition of the two-particle state with a nonzero vector of relative momentum is 
generally frame-dependent due to different relativistic rotation angles of the two spins at 
the transition to the frame moving in the direction which is not colinear with the velocity 
vectors of both particles. 

Usually, it is convenient to consider the spin correlations in the center-of-mass system 
(c.m.s.) of the particle pair. This is natural at the addition of the two-particle total spin 
and the relative orbital angular momentum into the conserved total angular momentum. 
In some cases, however, it may be useful to make transition to the laboratory, e.g., in 
the case when the particle scatterings are used as their spin analyzers [18]. 2 Denoting 
Mi, M 2 and pi = k, p 2 = — k the masses and c.m.s. momenta of the two particles, their 
respective c.m.s. velocities are Vi = c k/^k 2 + Mfc 2 , v 2 = -ck/^k 2 + Mfc 2 . We denote 
the corresponding laboratory velocities as v[ and v 2 , and - the laboratory velocity of the 
particle pair as v. At the Lorentz transformation from the c.m.s. of the particle pair to 
the laboratory frame with parallel respective spatial axes, the spins of the first and the 
second particle (in their respective rest frames) rotate in opposite directions around the 
axis which is parallel to the vector [kv]. The angles of the relativistic spin rotation of 

2 In principle, this transition is not necessary since one can transform the four-vectors defining the 
polarization analyzers first to the pair c.m.s. and then to the respective particle rest frames. 
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the first (i = 1) and second (i = 2) particle are found from Eqs. (10) and (12) with the 
substitutions 



Vq -> Vi, v -> 



and similarly for the corresponding Lorentz factors. Thus, 

vvi 1 + 7 + 7i + j[ 



sin c^i = 771 — — sin 9 



(l + 7 )(l+7i)(l + 70' 

oosa;^!- ^"^"^ sin 2 g; (51) 
1 + Yi 



««2 . fl 1+7 + 72 + 72 

smw 2 = -772— 5- sin & 



Here 



(l + 7 )(l + 72)(l+7 2 )' 
cosc^l- ^- 1 ^ 2 ,-^ sin^. (52) 

1+72 

ii = Hi ( 1 + -^T cos9 ) ' ^2 = 772 (l - ^ cos 0^ ; (53) 

9 = 6\ is the angle between the vectors k (vi) and v; V{ = |vj|, t>- = |v^|, t> = |v| and 
7i, 7j', 7 are the corresponding Lorentz factors. In the case of equal-mass particles the 
relations Vi = — v 2 , 71 = 72 hold (but j[ 7^ 72 when 6> 7^ tt/2). 

It should be noted that the positive sign of the angle of the spin rotation corresponds 
to the direction of the nearest rotation from the vector k to the vector v. It is clear that 
the angle between the vectors — k (v 2 ) and v is equal to 9 2 = 9 + 7r, and sin6* 2 = — sin 9, 
cos 9 2 = — cos 9. Without loss of generality one can assume that < 9 < it. Since 
the spins of the first and second particle rotate in opposite directions, the corresponding 
rotation angles have the opposite signs: lo\ > 0, u 2 < 0. 

In the case of the colinearity of the vectors k and v, when 9 = or 9 = ir, both 
the rotation angles are equal to zero. At nonrelativistic velocities Vi in the c.m.s. of the 
particle pair the angles uii of the relativistic spin rotation are very small and scale with 
Vi (see Eq. (16) with the substitutions v' — > v 1 and v' — > — v 2 ). 

Taking into account the relativistic spin rotation at the transition from the two-particle 
c.m.s. to the laboratory, the two-particle spin density matrix is transformed as follows: 

p'^ = D^-\ui) <g> D^Mp^D^+M <g> D {2)+ (uj 2 ), (54) 

where 

D^\ui) = exp(io; 1 Sin), D^ 2 \uj 2 ) = exp(iuj 2 s 2 n) (55) 

are the matrices of the active space rotations generated by the vector spin operators s± 
and s 2 , n is the unit vector parallel to the direction of the vector [kv]. 

In the case of two spin-1/2 particles, the two-particle spin density matrix has the 
structure [18,20-22]: 

pM = hlW ® p) + (ffWpj ® jW + /W ® (<r( 2 )p 2 ) +EE T lk aP ® af\ (56) 
4 1=1 k=i 
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Here I is the two-row unit matrix, <r^ = 2Sj are the Pauli vector operators, Pj = (&^) 
are the polarization vectors (i = 1,2), = (a^ ® are the components of the 
correlation tensor, {1,2,3} = {x,y,z}. The left and right indexes of the correlation 
tensor correspond to the rest frames of the first (i = 1) and second (i = 2) particle, 
respectively. The corresponding probability to select the particles with the polarizations 
can be obtained by the substitution of the matrices a\ 1 ^ in the expression (56) with 
the corresponding projections af\ Particularly, when analyzing the polarization states 
with the help of particle decays, the vector analyzing power aW = o^nj, where ctj is the 
decay asymmetry corresponding to the decay analyzer unit vector nj. As a result [20-22], 
the correlation between the decay analyzers is determined by the product of the decay 
asymmetries and the trace of the spin correlation tensor 

T T XX ~\- Tyy ~\- T ZZ . 

For example, the angular correlation niri2 = cos 6u between the directions of the three- 
momenta of the decay protons in the respective rest frames of two A-hyperons decaying 
into the channel A — > p + ir~ with the P-odd asymmetry a = 0.642 is described by the 
normalized probability density [19-22] 

W(cos 6 12 ) = l - (l + « 2 | cos 12 ) . (57) 

Clearly, the structure of both Eq. (56) and the corresponding angular distribution 
of the spin analyzers (e.g., Eq. (57)) does not depend on the system from which the 
transitions to the particle rest frames are performed. The system dependence manifests 
only through the relativistic rotations in the successive Lorentz transformations along 
noncolinear directions. This circumstance was not understood in paper [19], where the 
unnecessary condition of nonrelativistic velocities of A-particles was required. 



7 Transformations of the spin states of two spin-1/2 
particles 

The matrices of the space rotations due to the transition from the c.m.s. of two free 
spin-1/2 particles to the laboratory are the following: 

f)W M = C os ^ + i&Wn sin ^, D^(co 2 ) = cos ^ + «r< 2 >n sin ^. (58) 

Selecting the z-axis parallel to the direction of the vector n = [kv]/|[kv]|, and the axes 
x and y in the plane perpendicular to this vector, the polarization vectors and the spin 
correlation tensor transform at the transition to the laboratory in accordance with the 
active rotations around the z-axis by the angles lo\ and u 2 for the first and second particle, 
respectively (the components of the polarization vectors transform according to Eq. (15) 
with the substitutions: £ — * P«/2 and C ~^ P^/2): 

P-. x = Pi- X cos uji - Pi-y sin uji, P[. y = Pi-y cos tOi + P i;x sin ouf, P[. z = P i]Z 

T' xx = (T xx cos ui — T yx sin u>i) cos uj 2 — (T xy cos ui — T yy sin ui) sin oj 2 ; 
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T'yy = (T yy cos Lo x + T xy sin u x ) cos u 2 + (T yx cos u x + T xx sin io x ) sin u 2 ; T' zz = T zz ; 

T' xy = (T xy coscji — Tyy sin uj\ ) cosc<j 2 + coscji — sinc^i) sinu; 2 ; 

= (T ya , cos lo\ + T xx sin u>i) cos cj 2 — (T y3/ cos lo\ + T xy sin uji) sin u; 2 ; 

T X2 = T xz cos wi - T wa sin uji ; = T zx cos cj 2 - T 2J/ sin u 2 ; 

T ' yz = T yz cos wi + T rz sin wi ; T 2J/ = T ZJ/ cos o> 2 + T 2;E sin u 2 . (59) 

Particularly, the trace of the spin correlation tensor transforms at the transition to the 
laboratory as: 

T' = (T xx + T yy ) cos(^i - ^2) + (T xy - T yx ) sin(cji - u 2 ) + T zz (60) 
or, in the case of a symmetric tensor, as: 

T' = T - 2 (T M + T ro ) sin 2 (61) 

So, the c.m.s. trace T in Eq. (57) is substituted by the laboratory one T' calculated using 
Eq. (60) or (61) together with Eqs. (10) and (12) for the spin rotation angles. 

It was shown [20-22] (see also [24, 25]) that the trace of the correlation tensor of a 
system of two spin-1/2 particles is the following linear combination of the relative fractions 
of singlet (the total spin S — 0) and triplet (S = 1) states: 

T = (<r (1) <g> <r (2) > = Pt - 3p s , Pt + Ps = 1. (62) 

When we have the pure singlet state of the particle pair in its c.m.s. (p s — 1, p t — 0, 
Tik = Sik, T = —3), the transformation to the laboratory gives 

T' = -3 + 4sin 2 ^^ 2 -. (63) 

It follows from Eqs. (62) and (63) that at the transition to the laboratory the relative 
fraction of the singlet state decreases in favor of a triplet state: 

, 2 (J 1 — UJ 2 , . 2 LOi — L0 2 

Ps = c °s g ' Pt = sm 2 ' ^ ' 

Thus the square of the total spin of two free particles with a nonzero vector of relative 
velocity is not a relativistic invariant (see [6]). Introducing the two-particle singlet state: 

Moo = ^ (I + l/2>« I - l/2)f - I - l/2>« I + 1/2)?) (65) 

and the triplet state with the zero projection onto the rotation axis z: 

M10 = 7f (I + I - l/2)f + I - l/2>« I + 1/2)1 2 )) , (66) 

the result in Eq. (64) also follows directly from the matrices of space rotations in Eq. (58); 
the singlet state in the two-particle c.m.s. is transformed into the following superposition 
of the singlet and triplet states in the laboratory: 

\ip' s ) = cos Ul U2 |^)oo + i sin — U2 | V) 10- (67) 
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Similarly, the transformation of the pure triplet state |'0)io i n the two-particle c.m.s. 
(p s — 0, p t — 1, T zz = —1,T XX = T yy = 1, T = 1) to the laboratory gives 



T' = 1 - 4 sin 
the corresponding fractions being 

Ps = sm 2 ' 

in accordance with the transformation: 

U1—U2, 



2 u)i- U) 2 



Pt= C0S o : 



cos • 



»10 



+ i sin 



— o;2 , 



/oo- 



In the case of the unpolarized triplet in the two-particle c.m.s. (p s = 0, 

p t = 1, T ifc = (l/3)S, fc , T = 1 [18, 22]) we have 

T = 1 sm , 

3 2 ' 



Ps = 3 Slli 



1 . 2 - CJ 2 



, , 1 . 2 Wi - W 2 



(68) 



(69) 



(70) 



(71) 



(72) 



2 1 3 2 

Using Eqs. (10) and (12), it is easy to show that in the case of two spin-1/2 particles 
with the same masses (72 = 71, i> 2 = i>i) the measure of the spin mixing, 

/t = sm , 



can be written in the form: 



K 



sin 2 9 



1 J_ 

,7 7i 



+ 



[VlV 



sin 2 



(73) 



The maximum of the mixing factor k corresponds to the angle 9 = tt/2. In the ultrarela- 
tivistic limit, when 71 ^> 1, 7 ^> 1 and sin# ^> max(l/7, I/71), the factor k approaches 
unity. Then the singlet state in the two-particle c.m.s. becomes in the laboratory the 
triplet state with the zero projection of the total spin onto the spin rotation axis z and, 
vice versa. 



8 Summary 

1. The effect of the relativistic spin rotation at the transition from some frame to 
another frame is analyzed. The essence of this effect lies in the fact that in the frame- 
work of the formalism of inhomogeneous Lorentz group the particle spin state is set in 
the particle rest frame and, its concrete description depends on the frame from which the 
Lorentz transformation to the rest frame is performed. 

2. The connection between the relativistic spin rotation and the relativistic spatial 
rotation at the successive Lorentz transformations along noncolinear directions is consid- 
ered. It is shown that the relativistic spin rotation is a purely kinematical effect; the 
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rotation angle coincides with the angle between the resulting velocities at the relativistic 
addition of two velocities in the direct and reverse order. 

3. The Thomas precession of the spin polarization vector at the particle motion along 
a curvilinear trajectory is studied. It is shown that Thomas precession is the effect of 
the relativistic kinematics connected with the effect of the relativistic spin rotation; the 
expression for the angular velocity of the Thomas precession is derived using the formula 
for the angle of the relativistic spin rotation. 

4. The spin precession of a relativistic charged particle in the external electromagnetic 
field is considered. The cases of the precession in the homogeneous magnetic field and 
in the electric field are discussed. It is established that the angular velocity of the spin 
precession can be presented as a simple sum of the angular velocities of the dynamical pre- 
cession due to the direct interaction of the particle magnetic moment with the magnetic 
field in the instantaneous rest frame and, the kinematical Thomas precession connected 
with the motion of a charge particle under the action of the Lorentz force. 

5. The effect of the relativistic spin rotation for a system of two free particles is inves- 
tigated setting their spin states in the corresponding particle rest frames. The transition 
from the c.m.s. of two particles to the laboratory frame is considered. It is shown that 
the angles of the relativistic spin rotation of two particles are generally different, except 
for the case of colinear vectors of particle velocities in the laboratory. 

6. As a result, the effect of the relativistic spin rotation leads to the dependence of 
the total two-particle spin composition (the singlet and triplet fractions in the particular 
case of spin- 1/2 particles) on the concrete frame in which the two-particle system with a 
nonzero vector of relative velocity is analyzed; the total spin is not a Lorentz invariant. 
The physical origin of this dependence is the violation of the parallelism of the spatial 
axes of the particle rest frames, except for the case when the Lorentz transformations to 
these frames are done along the directions colinear with the relative velocity (e.g., from 
the c.m.s. of the two particles). 

This work was supported by GA Czech Republic, Grant. No. 292/01/0779, by Russian 
Foundation for Basic Research, Grants No. 01-02-16230 and 03-02-16210, and within the 
Agreements IN2P3-ASCR No. 00-16 and IN2P3-Dubna No. 00-46. 
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